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SIGN PATTERNS OF THE LIOUVILLE AND MOBIUS FUNCTIONS 


KAISA MATOMAKI, MAKSYM RADZIWILL, AND TERENCE TAG 

Abstract. Let A and ^ denote the Liouville and Mobius fnnctions respectively. Hilde¬ 
brand showed that all eight possible sign patterns for (A(n), A(n -I- 1), A(n + 2)) occur 
infinitely often. By using the recent result of the first two authors on mean values of 
multiplicative functions in short intervals, we strengthen Hildebrand’s result by prov¬ 
ing that each of these eight sign patterns occur with positive lower natural density. We 
also obtain an analogous result for the nine possible sign patterns for (/r(n), /r(n + 1)). 
A new feature in the latter argument is the need to demonstrate that a certain random 
graph is almost surely connected. 


1. Introduction 

In this paper we strengthen some results on the sign patterns of the Liouville function 
A, as well as obtain new results on the Mobius function 

We begin with the Liouville function. It will be convenient (particularly in the com¬ 
binatorial arguments used to prove our main theorems) to introduce the following no¬ 
tation. 

Definition 1.1 (Liouville sign pattern). Let k,l be non-negative integers, and let n be 
an integer. Let e_fc ... e; be a string of A: -I- / -I- 1 symbols from the alphabet {-h, —, 

We write 

n e_fe • • • Co .. .ez (1.1) 

if n > A;, A(n -f z) = -l-l for all —k ^ i ^ I with = -I-, and A(n -I- z) = —1 for all 
—k^i^l with Cj = —. We write the negation of (HU as 

n '-K C-fc ■ ■ ■ ^0 • • • ez 

The symbol v is only present in the above notation as a positional marker (analogous 
to a decimal point in decimal notation) and has no further signihcance. 

Example 1.2. The claim 

V 

n I—> — 

is equivalent to the assertion that rz > 2, A(n —2) = —1, A(rz) = -1-1, and A(rz-l-l) = -t-1, 
but makes no claim about the value of A(rz — 1). 

In this notation, a well-known conjecture of Chowla [1] can now be phrased as follows: 

Conjecture 1.3 (Chowla). For any k ^ 1 and signs ei,..., e { — 1, -t-1}, the set of 
natural numbers n for which 

rz t—>ei ... Cfc 

has natural density ^ (that is, the density of this set in [l,a;] converges to 1/2^ in the 
limit X —> 00 ^. 
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For /c = 1, this claim is equivalent to the prime number theorem, but for A: > 1 
Chowla’s conjecture remains open. For /c < 3, we have the following partial result of 
Hildebrand dH: 

Theorem 1.4 (Hildebrand). For any A; = 1, 2, 3 and signs ei,..., e { —, +}, the claim 

n t-^ei ... Cfc 

occurs for infinitely many n. 

Hildebrand’s method was elementary, relying on an ad hoc combinatorial analysis 
that relied primarily on the multiplicative properties of A at the small primes 2, 3, 5. In 
this paper, we combine the methods of Hildebrand with a recent result of the hrst two 
authors [12] to improve this result as follows. 

Definition 1.5. A property P{n) of an integer n is said to hold with positive lower 
natural density if 

liminf— V 1 > 0. 

x^co X ^ 

n^x:P{n) 

Theorem 1.6 (Liouville patterns of length three). For any k = 1,2,3 and signs 
ei,..., Cfc e { —, +}, the claim 

n ...Ck 

occurs with positive lower natural density. 

As with Hildebrand’s arguments, our arguments extend to other completely multi¬ 
plicative functions / taking values in — 1, -l-l than A, provided that / agrees with A at 
the primes 2,3,5 and obeys a prime number theorem in arithmetic progressions for any 
modulus dividing 60. We leave the details of this generalisation to the interested reader. 
As it turns out, the most difficult sign patterns to handle for Theorem 11.61 are -I- -t- -I- 

and-. The problem is that the Liouville function A(n) could potentially behave 

like f{n)xfin) for almost all n that are not multiples of 3, where Xs is the primitive 
Dirichlet character of conductor 3 (thus X3(3n -t- 1) = 1 and X3(3n + 2) = —1 for all 
n) and / : N ^ { —1,-fl} is a function that changes sign very rarely. In such a case, 

the sign patterns -f -t- -t- and-will almost never occur. Fortunately, the results 

in na preclude this scenario; the main difficulty is then to show that this is essentially 
the only scenario that could eliminate the + -t- + or-patterns almost completely. 

Remark 1.7. Strictly speaking, our arguments do not yield an explicit bound on the 
lower natural density, because we rely on Banach limits to simplify the presentation of 
the argument. However, we believe that one could extract an effective lower bound on 
the density if required by avoiding the use of Banach limits, and keeping track of all 
error terms without passing to an asymptotic limit. 

Remark 1.8. In [3] it was shown that (A(n), X{n + r), A(n + 2r), X{n + 3r)) attains all 
sixteen sign patterns in { —1, inhnitely often, if n ranges over the natural numbers 
and r ranges over a bounded set. It is plausible that using arguments similar to the ones 
here, one can show that these sixteen sign patterns also occur for n in a set of positive 
lower density. Note also from recent results on linear equations in the Liouville function 
(see [SI Proposition 9.1], together with the companion results in [7] and 0) that for 
any hxed k ^ 1, the tuple (A(n),..., A(n -f (A; — l)r)) is asymptotically equidistributed 
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in { — 1, +1}*' if n, r range uniformly over (say) [x, 2x] for some large x going to infinity; 
see also [S] for a recent generalization of these sorts of results to other linear forms and 
to more general bounded multiplicative functions. It may be, in light of the results in 
na, that one can obtain a similar equidistribution result with r restricted to a much 
smaller range that grows arbitrarily slowly with x, but we do not pursue this matter 
here. 

We now turn to the Mobius function p. This function takes values in {—1,0,+!} 
rather than { — 1,1}, and the presence of the additional 0 signihcantly complicates the 
analysis. Nevertheless, we can show an analogue for Theorem 11.61 for k = 1,2 only: 

Theorem 1.9 (Mobius patterns of length two). For any k = 1,2 and ei,...,ek e 
{ —1,0,+1}, the claim 

(p(n),..., /i(n + A: - 1)) = (ei,..., Cfc) 
occurs with positive lower natural density. 

The difficult case of this theorem occurs when k = 2 and ei,e 2 e { + 1,-1}. Suppose 
for instance that we wanted to show that (/i(n),/i(n + 1)) = (+1,-1) occurred with 
positive lower natural density. In the case of the Liouville function, one could show (as 
was done in na ) that if the analogous claim (A(n), A(n + 1)) = (+1, —1) occurs with 
zero density, then there would often exist long chains n,n + 1,... ,n + h ol consecutive 
natural numbers on which A was constant, which is in contradiction with the results 
in [12]. This argument no longer works in the case of the Mobius function, due to 
the large number of zeroes of this function (for instance, the zeroes at the multiples 
of four). To get around this, one needs to replace the chains n,n + 1,... ,n + h hy 
more complicated paths of nearby natural numbers, necessitating the analysis of the 
connectivity properties of a certain random graph, which will be done in Sections ( 6 ] 
[71 The further study of this random graph (or similar such graphs) may have some 
further applications; in particular, one may hope to use expansion properties of this 
graph to make progress towards the k = 2 case of the Chowla conjecture (Conjecture 
II.3p . In fact by pursuing this direction further, the third author has recently shown that 
a logarithmic form of Chowla’s conjecture holds, and consequently that the logarithmic 
density of integers n for which (/i(n),p(n + 1)) = (£ 1 , 62 ) exists (see [Il|). 

2. Asymptotic probability 

When dealing with natural densities, there is the minor technical difficulty that the 
lower and upper natural densities for a given set of integers need not match, leading to 
a breakdown of additivity of density in these situations. To get around this problem we 
shall use the (artihcial) device of Banach limits. 

Let Po{n) be a property of the natural numbers that holds with zero lower natural 
density. In particular, we can hnd a sequence Xj of real numbers going to inhnity such 
that 

- y 1 < 2 -* 

X' 

* n^Xi:Po{n) 

y i < a-. 

j-Xi^n^Xi:Po(n) 


for all i. This implies that 
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In particular 


2 


logi n 

jXi^n^Xi-.Po{n) 


as z —> 00 . Henceforth we fix the sequence Xj with this property. 

Next, dehne a Banach limit to be a linear functional LIM : ^ M from bounded 

sequences (oj)” of real numbers to the real numbers with the property that 


liminfoi ^ LIM(aj)“^ 
2^00 


^ lim sup ai 
2—>00 


for all bounded sequences in particular, LIM(ai)“.^^ = limj^oo Oi when a* is 

convergent. As is well known, the existence of a Banach limit is guaranteed by the 
Hahn-Banach theorem, or by the existence of non-principal ultrahlters on the natural 
numbers. Henceforth we will £oi0 a single Banach limit LIM. 

Given a property P{n) of an integer n, we define the asymptotic probability that P{n) 
occurs to be the quantity 


LIM 


\ logz ^ 

y jXi^n^Xi:P{n) 


00 


2 = 1 


and say that P{n) holds asymptotically almost surely (or a.a.s. for short) if its asymp¬ 
totic probability is 1. Thus, for instance, with LIM and x* as above, the property Po{n) 
is asymptotically almost surely false. 

Note that as LIM is linear, asymptotic probability obeys all the axioms of finitely 
additive probability. For instance, if P(n) and Q{n) are properties with Q holding 
asymptotically almost surely, then the asymptotic probability of P{n) is equal to the 
asymptotic probability of P{n) a Q{n). 

We will call a quantity fixed if it does not depend on the parameter i. Since x* —> oo, it 
is clear that for any fixed constant C > 0, one has n > C a.a.s.. (This does not contradict 
the finite nature of n, because our probability measure is only finitely additive, rather 
than countably additive.) 

In view of the above construction, we see that Theorem 11.61 follows from 


Theorem 2.1. Fix a sequence x, —> oo and a Banach limit LIM. For any k = 1,2,3 
and signs ei,..., e { —, -i-}, the claim 

n t—*ei ... Ck (2-1) 

occurs with positive asymptotic probability. 

Indeed, if fl2.ip occurs with zero natural density, one obtains a contradiction to The¬ 
orem o after selecting x* as discussed in the start of the section, with Pq taken to be 
the property fl2.ip . Similarly, Theorem 11.91 follows from 


^Strictly speaking, this means that we are assuming the axiom of choice (or at least the ultrafilter 
lemma) in our arguments. However, if desired, it is a routine matter to rewrite the arguments below in 
terms of limit superior and limit inferior instead of Banach limits and replacing additivity by subad¬ 
ditivity or superadditivity as appropriate, so that the axiom of choice is no longer required. We leave 
the details of this modification of the argument to the interested reader. 
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Theorem 2.2. Fix a sequence Xi ^ co and a Banach limit LIM. For any k = 1,2 and 
ei,..., efc e { —1, 0, +1}, the claim 

ihin ),..., /i(n + A: - 1)) = (ei,..., efc) (2.2) 

occurs with positive asymptotic probability. 

Henceforth the sequence Xj ^ oo and Banach limit LIM will be hxed, and this fact 
will be omitted from the explicit formulation of all the propositions below. (Thus, 
for instance, with this convention the hrst sentence of Theorems 12.11 and 12.21 would be 
deleted.) 

We now set out some basic rules for manipulating asymptotic probability, beyond the 
laws of hnitely additive probability. The hrst rule allows one to make linear changes of 
variable. 


Lemma 2.3 (Linear change of variable). Let P{n) be a property of integers n. Then 
for any natural number q and integer r, the asymptotic probability of P{qn + r) is equal 
to q times the asymptotic probability of “P{n) and n = r mod q”. 

Note that the q = 1 case of Lemma [2.31 srives translation invariance: the asymptotic 
probability of P{n) is equal to the asymptotic probability of P{n + h) for any hxed h. 
Another useful corollary of Lemma 12.31 is that if ri,..., is any hxed set of represen¬ 
tatives of residues modulo q, then P{n) holds a.a.s. if and only if P{qn + r) holds a.a.s. 
for each r = ri,..., r^. 


Proof. Let C be a large constant depending on q, r. By deleting an event of asymptotic 
probability zero, we may assume that P{n) only holds for n > C. For sufhciently large 
C, this implies that if P[qn + r) holds, then ^ = (1 -t- o(l))^^^ where o(l) goes to zero 
as (7 —> 00 , and thus on making the change of variables m = qn + r, 


1 

1 

I i i 

P{qn-\-r) 



(l + o(l))q 2 

%Xi-\-r^m^qxi-\-r 

p(m) and m^r mod q 


Also, we have 

L -- L - + Oa,(l) 

^ m ^ m 

%Xi-\-r^m^qxi-\-r:P{m) cLllci m^r mOQ q jXi^m^Xi:P{7n) cHlQ m^r mOQ q 

for a quantity Oc,q{l) bounded in magnitude by a function of C and q. Dividing by 
logf, we conclude that 


1 

logf ^ 


L 

Xi^n^Xi:P(qn-\-r) 


1 

n 


(1 + o(l))g 


logz ^ 


L 

jXiiin^Xi:P{n) 


1 

- + 
n 


Qc.g(l) 

logz ’ 


and on taking Banach limits and then sending C to inhnity, we obtain the claim. □ 


Now we encode some known facts about the Liouville and Mobius function in this 
language. From the prime number theorem in arithmetic progressions we have 

lim — V X{qn -t- r) = 0 

x^cc X 

n^x 
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for any g ^ 1 and r e Z, and thus by summation by parts 

1 X{qn + r) 


lim , 

x-^co loEf X ^ 
^ n^x 


= 0 . 


n 


Similarly for the Mobius function. We conclude: 


Proposition 2.4. Let q ^ 1 and r e Z. Then the assertions \{qn + r) = +1 and 

V V 

\{qn + r) = —1 (or in the notation of this paper, qn + r i-^+ and qn + r ^—) each occur 
with asymptotic probability 1/2. Also, the assertions pL^qn + r) = +1 and p.{qn + r) = —1 
occur with equal asymptotic probability. 


This immediately gives the k = 1 case of Theorem 12.11 Since /i^ has density 


1 

W) 


6 

— = 0.6079 ..., 

TT^ 


we also know that yf{n) = 1 with asymptotic probability and hence by the above 
proposition the three events = 0,/i(n) = —1 occur with asymptotic 

probability 27^; ^ 2cM Thus we also obtain the k = 1 case of 

Theorem 12.21 

From Proposition 12.41 and the Chinese remainder theorem, we also see that for any 
hxed w, the asymptotic probability that /x(n + 1) = +1 and n is not divisible by 
for any p ^ w is equal to the asymptotic probability that fa{n + 1) = —1 and n is not 
divisible by p^ for any p ^ w. Taking limits as tc 00 (noting that the asymptotic 
probability that n is divisible by p^ for some p > w is 0{l/w)), one concludes that 
the the pair (gi(n),/i(n+ 1)) takes the values (0, +1) and (0, —1) with equal asymptotic 
probability, and similarly takes the values (+1,0) and (—1,0) with equal asymptotic 
probability. Also, standard sieve theory arguments also show that the event ff^{n) = 
/i^(n + 1) = +1 (which is excluding two residue classes modulo p^ for each prime p) 
occurs with asymptotic probability 


c 


n 


p^ 


= 0.3226 ... 


(2.3) 


and hence by inclusion-exclusion, fa{n + 1)) takes the value (0, 0) with asymptotic 

probability 

l-^ + c = 0.1067.... 

C(2) 

Further inclusion-exclusion then shows + 1)) takes each of the four values 

(+1,0), (—1,0), (0 ,+l), (0 ,- 1) with asymptotic probability 


2^(2) 


- c) 


0.1426.... 


This gives all the cases of Theorem 12.21 except for those in which k = 2 and (ei, 62) = 
(+1, +1), (+1, —1), (—1, +1), (—1, —1), the treatment of which we defer to Sections[MZl 
Recently, the hrst two authors [12] established (among other things) that 


lim sup — 
x^<x> X 






2 


x^n^x-\-h 


^ c(h) 
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for any h ^ 1 some quantity c{h) that goes to zero as h ^ oo, and similarly with A 
replaced by p. From summation by parts this implies that 


lim sup -- > — 


i + j) 

i=o 


^ c{h) 


and thus 


Theorem 2.5 (Liouville or Mobius in short intervals). For any e > 0 and any h that 
is sufficiently large depending on e, one has 

h 


2 + d) 

i=o 


^ eh 


with asymptotic probability at least 1 — e. Similarly with A replaced by p,. 


The above results also hold when the Liouville function is twisted by a fixed real 
Dirichlet character: 


Theorem 2.6 (Twisted Liouville or Mobius in short intervals). Let x be a fixed real 
Dirichlet character. For any £ > 0 and any sufficiently large h, one has 

h 


J=0 

with asymptotic probability at least 1 — e. Similarly with A replaced by p. 


This result was recently extended to the case of complex Dirichlet characters in [T31 
Appendix A], but we will not need that extension here. Indeed, we will only need 
Theorem 12.61 with y the non-trivial character X3 of period 3. 

As already essentially observed in na, Theorem 12.51 gives the k = 2 case of Theorem 

o 

V V 

Theorem 2.7. The assertions n 1—» +—^ n > —+ hold with positive asymptotic prob- 

V V 

ability, and the assertions n ^ + + , nt—> — hold with asymptotic probability at least 
1/6 each. 


We remark that the second part of this theorem is essentially due to Harman, Pintz, 
and Wo Ike [TU] . 

V V 

Proof. We begin with the sign pattern + —. Assume for contradiction that n + — 
holds with zero asymptotic probability. By Proposition 12.41 and Lemma 12.31 the claims 

V Y V V 

n I—> +* and n 1—> *— hold with asymptotic probability 1/2, so that ++ and — hold 

V 

with asymptotic probability 1/2. Hence n •—> — + holds with zero asymptotic probability. 
In other words, we have A(n+1) = A(n) a.a.s., hence by Lemma 12731 and finite additivity 
we have for any fixed h that A(n) = A(n + 1) = ■ ■ ■ = \{n + h) a.a.s.. But this contradicts 
Theorem 12.51 if h is large enough. 

V 

The same argument also works for the sign pattern —+ . Now we consider the sign 

V _ V 

pattern + + . From Proposition 12.41 and inclusion-exclusion, the sign pattern-occurs 

V 

with the same asymptotic probability as Thus it suffices to show that A(n) = A(n-I- 
1) holds with asymptotic probability at least 1/3. But from the pigeonhole principle. 
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at least one of X{2n + 1) = A(2n), A(2?7, + 2) = A(2n + 1), and A(2n) = A(2n + 2) must 
hold for any n, which implies that the asymptotic probabilities of A(2n + 1) = A(2n), 
A(2n + 2) = A(2n + 1), and A(n + 1) = A(n) add up to at least 1. On the other hand, 
from Lemmawe see that the asymptotic probability of A(n + 1) = A(n) is the average 
of the asymptotic probabilities of A(2n + 1) = A(2n) and A(2n + 2) = A(2n + 1), and 
the claim follows. □ 

As essentially already observed by Hildebrand m, a simple translation argument 
then gives four of the eight subcases of the k = 3 case of Theorem 12.11 

V V V V 

Corollary 2.8. The assertions n i—> + + —, n i—> —++, n •—> h-, n •—>-1- each 

hold with positive asymptotic probability. 

V 

Proof. We show this for the sign pattern + + — only, as the other three cases are similar. 

V V 

Suppose for contradiction that n i-|^ ++— a.a.s.. In particular, n ^ ++ implies n +1 

V 

+ + a.a.s.. Iterating this (using the translation invariance from Lemmawe see that 

V 

for any hxed h ^ 1, n ^ ++ implies that A(n) = \{n + 1) = ■ ■ ■ = A(n + h) = +1 
a.a.s., and hence by Theorem 12.71 one has A(n) = A(n + 1) = ■ ■ ■ = A(n + h) = +1 with 
asymptotic probability at least c for some c > 0 independent of h. But this contradicts 
Theorem 12.51 if h is chosen sufficiently large. □ 

The same argument, in combination with the remaining k = 3 cases of Theorem 12.11 
that we will handle shortly, show that the k = A case of Theorem 12.11 holds for the 

V V V V 

sign patterns + + + —, —+ + + ,-h, and H-. However, there does not seem to 

be a similarly simple argument to handle the remaining twelve sign patterns of length 
4. For longer patterns, we have the following partial results (the hrst of which relies 
on Theorem 12.11) . For technical reasons, these partial results seem to be limited to the 
category of positive upper density rather than positive lower density. 

Proposition 2.9. Let k ^ 3. 

(i) There are at least k + 5 sign patterns ci.. .Ck e { —, +}^ such that n ^ ei.. .Ck 
occurs with positive upper density. 

(ii) If k is even, then there exists a sign pattern ei... e { —, +}^ with exactly fc/2 + 
signs and k/2 — signs such that n ^ ci.. .Ck occurs with positive upper density. 

Proof. We claim that it suffices to establish (i) and (ii) with “positive upper density” 
replaced by “positive asymptotic probability”. Suppose for instance that the claim (i) 
failed, then there is a subset S of { — ,+}*' consisting of at most k + A sign patterns 
such that n t—> Cl... efc occurs with zero upper density for any ei... outside of S. As 
upper density is subadditive (in contrast to lower density, which is superadditive), we 
conclude that outside of a set of zero upper density (and hence zero lower density), one 
has n t—> Cl.. .Ck for some sign pattern in S. Taking Banach limits as before, we can 
locate a sequence Xj and a Banach limit such that n ci... Ck for some sign pattern in 
S a.a.s.. Taking contrapositives, we see that (i) follows from the asymptotic probability 
version of (i). The argument for (ii) is similar and is left to the reader. 

We now prove (i) (with “positive upper density” replaced by “positive asymptotic 
probability”) by induction on k. The case k = 3 follows from Theorem 12.11 Now suppose 
for sake of contradiction that /c ^ 4, and that n Ci... Ck-i with positive asymptotic 
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probability for at least k + A sign patterns of length /c — 1, bnt that n ^ ei.. .eu with 
positive asymptotic probability for at most k + A sign patterns of length k. Since each 
sign pattern of length k — 1 that occurs with positive asymptotic probability has to have 
at least one extension to a sign pattern of length k that occurs with positive asymptotic 
probability, we conclude that there must exist a function : { —, —> { —, + } such 

that 

n t—>■ Cl... efc_i n ^ ei... efc-iefc(ei,..., ek-i) 

occurs a.a.s.. The map (ei,..., ek-i) •—> ( 62 ,..., efc_i, efc(ei,..., on the hnite set 

{ —, is clearly periodic, and hence on iterating the above implication (and using 

the translation invariance provided by Lemma [23]) there exists a natural number q such 
that 


A(n + q) = X{n) 

a.a.s.. By Lemma [2.31 this implies that X{qn + q) = X{qn) a.a.s., and hence by multi- 
plicativity A(n + 1) = X{n) a.a.s., but this contradicts Theorem 12.71 

Now we prove (ii). By the pigeonhole principle, the claim is equivalent to showing 
that 


fc-i 


y] X{n + z) = 0 

i=0 

with positive asymptotic probability. Suppose to the contrary that 


fc-i 

^ X{n + i) ^ 0 

i=0 


a.a.s.. Observe that the sum always even, and changes by at most 2 

when one advances n to n +1. In particular, the sum X{n + i) does not change sign 

a.a.s. when advancing from n to n + 1. Iterating this observation (using the translation 
invariance provided by Lemma [2.31) . we conclude that for any natural number H, it is 
a.a.s. true that the sums Xji=o^ + i + h) for h = 0,..., H — 1 are all either at least 
+2, or at most —2. In particular, on summing in h, we conclude that the expression 


k+H-l 

k ^ A(n + i) 

i=0 

is at least 2H — 2k, or at most —2H + 2k, a.a.s.. But this contradicts Theorem 12.51 if 
H is large enough. □ 


Returning to Theorem 12.11 it remains to verify the k = 3 cases for the sign patterns 

V V V V 

n t—> + + + , n 1-^-, n H-h, n —h —. We now address these cases in the next 

two sections. 


3. The +++ case 

V 

We now verify Theorem 12.1! for the sign pattern n •—> + + +. The same argument 
(flipping all the signs) applies to the sign pattern n •—>-, and is left to the readei@. 

^Alternatively, one can observe that the only properties of A used in these arguments are those given 
by ProDOsition l2.41 Theorem l2.51 Theorem l2.61 that A takes values in { — 1, +1}, and that X{pn) = —X{n) 
for all n and p = 2,3, 5. All of these properties hold with A replaced by —A, and so the arguments in 
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Throughout this section we assume for sake of contradiction that Theorem 12.11 fails 

V 

for n + + + . Thus we have 

V 

Hypothesis 3.1. We have n h|^- + + + a.a.s.. 

As remarked in the introduction, Hypothesis 13.11 is morally compatible with A “pre¬ 
tending” to be like the Dirichlet character xs of conductor 3, defined by setting X3(3n-I- 
1) = -f 1, X3(3n + 2) = —1, X3(3n) = 0 for any n. 

The strategy will be to leverage Hypothesis 13.11 together with Lemma 12.31 and the 
multiplicative nature of A, to force A to behave increasingly like X3 in various senses, 
until we can use Theorem 12.61 to obtain a contradiction. 

We first give some simple consequences of Hypothesis 13.11 and Lemma 12.31 

Corollary 3.2. Asymptotically almost surely in n, the following claims hold. 

V V 

(a) If n ^ then n > -1-h. 

V V 

(a.2) If 2n —***—^ then 2n •—> ——, 

V V 

(b) If n ^ then n 1—> ——. 

V V 

(b.3) If 3n 1-^ —*=1= — ^ then 3n +**—*=]<—**+. 

V V 

(b.5) If 5n —*=1=** — ^ then 5n •—> -f ****—**** —**** + , 

V 

(c) If 3n 1-^ then 3n ^ -t-**—h-l- —**+. 

Proof. The claim (a) is immediate from Hypothesis 13.11 As A(2m) = —A(m) for all m, 
that the claim (a.2) is equivalent to (a). 

V V 

For (b), observe from Hypothesis 13.11 and Lemma [2.31 that n -1- + -I- and n ++-t- 
a.a.s., giving the claim. The multiplicativity properties A(3m) = —A(m) and A(5m) = 
—A(m) then give the claims (b.3) and (b.5) respectively. 

Now we prove (c). Suppose 3n *-t- + . From (b) and Lemma 12.31 we then have 

V 

3n t—> —a.a.s.. The claim then follows from (b.3). □ 

The next implication is essentially due to Hildebrand m- 
Proposition 3.3. One has 15n i-(^ a.a.s.. 

Proof. We will restrict to the event 15n •—> and show that this leads a.a.s. to a 

contradiction, giving the claim. 

V 

By hypothesis and Corollary 13.2f ai we have 15n i-->. -|-1- a.a.s.. Since A(4m) = A(m), 

we thus have 

V 

60?7, +***—*** + 

a.a.s.. Clearly this implies 

V 

60n t-|-> -I-**—l-H—**+ 

so by Corollary I3.2f ci in the contrapositive (and Lemma 12.3p we have 

60n t-|-> ****+ + 

and thus 

V 

60?7, i--> +***—***-!— 


this section applied to —A handle the sign pattern n 
section. 


-. Similarly for the arguments in the next 
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a.a.s.. A similar argument gives 

60n t-j-*- + + **** 

and thus 

V 

60n I—> —I-*** —***-!— 

a.a.s.. But from Corollary I3.2f b.5i and Lemma [2.31 we must then have 

V 

60n 1-^ +**** —**** — 

a.a.s., giving the desired contradiction since A(60n — 5) cannot simultaneously be +1 
and —1. □ 

This gives us our first step towards demonstrating that A “pretends to be like” X3: 

Corollary 3.4. We have A(15n + 1) = —A(15n — 1) a.a.s.. 

Proof. By Proposition 12.41 we have A(15n +!) = +! and A(15n — 1) = +1 with an 
asymptotic probability of 1/2, while from Proposition 13.31 we have A(15n + 1) = A(15 ?t.— 
1) = +1 with asymptotic probability zero. The claim then follows from the inclusion- 
exclusion principle. □ 

A variant of the above arguments gives 

V 

Proposition 3.5. One has 6n —-I— a.a.s.. 

V 

Proof. As before, we restrict to the event 6n i-->. —-1-— and show that this leads to a 
contradiction a.a.s.. 

The multiplicativity property A(5m) = — A(m) for all m gives 

V 

30n -t-**** —=i==N=N=NT-. 

In particular, 

V 

30n +** —l-H—** + 

and hence from Corollary 13. 2l ci in the contrapositive (and Lemma [2.31) we have 

30n *-]->■ ****-+-- 1- 

and hence 

V 

30n +****—***—h 

a.a.s.. A similar argument gives 

30n t-d -1--1 -**** 

and thus 

V 

30n 1-^ -I —*** — ***— I- 

a.a.s. By two applications of Corollary I3.2lf a.2i and Lemma [2.31 we then have 

V 

30n t—>• -I —*-!-* — *-[-* —I- 
a.a.s., and hence since A(2m) = —A(m) 

A(15n — 1) = A(15n + 1) = —1, 

but this contradicts Corollary 13.41 a.a.s.. □ 

V 

Corollary 3.6. One has 3n t-d- 


a.a.s.. 
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Proof. We restrict to the event that 3n -. The multiplicativity property A(2m) = 

—A(m) then gives 

V 

6n I—> +* + * + 

and hence by two applications of Corollary I3.2f al and Lemma 12.31 we have 

V 

6n 1-^ H-1-h 

a.a.s.. But this contradicts Proposition [3.51 a.a.s.. □ 

Corollary 3.7. Asymptotically almost surely, we have X{6n — 1) = —X{6n + 1). 

Proof. By Proposition 12.41 we have A(6?7, — 1) = —1 and A(6n + 1) = —1 with an 
asymptotic probability of 1/2 each. From Proposition 13.51 Corollary 13.61 and Lemma 

12.31 we see that A(6n — 1) = A(6?7, + 1) = —1 holds with asymptotic probability zero. 
The claim then follows from the inclusion-exclusion principle. □ 

Next, we work on improving Corollary 13.2l c). 

Proposition 3.8. One has 9n -f 3 t-|^ a.a.s.. 

Proof. We restrict to the event that 9n -t- 3 By Corollary I3.2f cl and Lemma 

12.31 we then have 

V 

9?7. -1- 3 1-^ -t-**—l-H—**-t- 
a.a.s.. Since A(2m) = —A(m), we then have 

V 

18n -f- 9 •—> -t-* — * — *. 

By Corollary 13.61 and Lemma 12.31 we thus have 

18n -t- 9 *--> +=N —+ —=N+ 
a.a.s.; since A(3m) = —A(m), we then have 

6n -f 3 <-->■- 

which by Corollary 13.61 and Lemma [2.31 leads to a contradiction a.a.s.. □ 

Proposition 3.9. Asymptotically almost surely, the claim 9n implies 6n —3 i--> 

and similarly 9n — 3 •--> implies 6n > *-i- + . 

Proof. Let us hrst restrict to the event that 9n •--> . By Corollary 13.2f cl and Lemma 

12.31 we then have 

V 

9n I—> -f **—i-H—** + 

a.a.s.. Since A(2m) = —A(m), this implies 

V 

18n •—> —*****-!-*—* — . 

From Corollary 13.61 and Lemma [2.31 we a.a.s. have 

18?7. *-]->■ **- 

and hence 

V 

18n I—> —*****-!-*—I—; 
since A(3m) = — A(m), this implies that 

6n — 3 1-^ * -1-* —. 
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But from Corollary 13.61 and Lemma 12.31 we have 

6n — 3t-|^*H - 

a.a.s., and hence 6n — 3 > * + + a.a.s. as required. 

Similarly, if we instead restrict to the event 9n —3 * + + , then Corollary 13.2r cl and 

Lemma 12.31 give 

V 

9n I—> +**—|-H—** + 

and then 

V 

18n I—> —* — *+*****— 

and then by Corollary 13.61 and Lemma 12.31 as before 

V 

18n t—> —I—* + *****— 

and thus 

V 

6n I—>-*+ 

and then by Corollary 13.61 and Lemma [2.31 we have 6n •—> * + + as required. □ 

By combining the two preceding propositions with an iteration argument, we obtain 
Corollary 3.10. We have 3n * + + a.a.s.. 

Proof. Let /:N^Nu{_L}be the partially dehned function given by the formulae 
f{3n) := 2n — 1, and /(3n — 1) := 2n for n ^ 2, with all other values of / equal to the 
undehned symbol _L. We can then combine Propositions 13.8113.91 to give the following 
assertion (by dividing into cases based on the residue of n modulo 3): if 3n i—> * + + , then 
a.a.s. f{n) ^ _L and 3/(n) *++. Iterating this, we conclude in particular that for any 

hxed k, we have a.a.s. that if 3n > *++, then the sequence n, /(n), /^(n),..., /^(n) 
avoids _L. But a routine count shows that the event that n, /(n), /^(n),..., /^(n) avoids 
_L occurs with asymptotic probability (2/3)^'''^. As k can be arbitrarily large, we obtain 
the claim. □ 

Corollary 3.11. Asymptotically almost surely, we have \(3n + 1) = —\(3n + 2). 

Proof. By Proposition 12.41 we have A(3?7, + !) = +! and A(3n + 2) = +1 with an 
asymptotic probability of 1/2 each. From Corollary 13.101 we see that A(3n + 1) = 
A(3n + 2) = +1 holds with asymptotic probability 0. The claim then follows from the 
inclusion-exclusion principle. □ 

Corollary 3.12. Asymptotically almost surely, we have X{3n — 1) = —X{3n + 1). 

Proof. For n even, this follows from Corollary 13.71 so suppose that n = 2N + 1. But 
then since A(2m) = —A(m), the claim A(3n — 1) = —X{3n + 1) in this case is equivalent 
to A(3A^ + 1) = —X{3N + 2), and the claim follows from Corollary 13.111 □ 

We can combine Corollary 13.111 13.121 using the Dirichlet character X3 to conclnde 
that asymptotically almost surely. Ays is constant on the set {3n — l,3n -f l,3n -f 2}. 
Shifting n repeatedly by 1 using Lemma [2.31 we conclude that for any hxed k ^ 1, Aya 
is a.a.s. constant on the set {3n — l,3n + l,3n + 2,3n + 4:,3n + 5,... ,3n + 3k — 1, 3n -t- 
3A: -t- 1, 3?7, -t- 3fc + 2}, and in particular 

3k 

I 2 A(3n + i)y 3 ( 3 n + j)| = 2k 
i=o 
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a.a.s.. By Lemma [2.31 this implies that 

3k 

+ + ^2fc-6 

i=o 

(say) a.a.s.. But this contradicts Theorem 12.61 if k is large enough. This (hnally!) 

_ V V 

completes the proof of Theorem 12.II for the sign pattern + + + . The case-is proven 

similarly by reversing all the signs in the above argument. 

4. The +—h case 

_ V V 

We now prove Theorem 12.11 for the sign pattern H-h; the argument for —+ — is 

analogous and follows by reversing all the signs below. Our arguments follow that of 
Hildebrand adapted to the notation of this paper. 

For sake of contradiction, we assume that 

V 

Hypothesis 4.1. We have n H-1- a.a.s.. 

This leads to the following implications: 

Proposition 4.2. Asymptotically almost surely, the following two claims hold: 

(a) If 2n ++, then 3n + + . 

(b) If 2n ++, then 3n + + . 

Proof. We just prove (a), as (b) is analogous (reflecting all sign patterns around the 

V 

positional marker v). Suppose that 2n i—> + + , then since A(3m) = — A(m), we have 

V 

6n t—> —. 

Since A(2m) = —A(m), our objective is to show that A(6n + 2) = —1 a.a.s.. Suppose 
instead that A(6n + 2) = +1, thus 

V 

6n I—^ —. 

By Hypothesis 14.11 and Lemma 12.31 we have 

6n h|-» * *-|-1- 

and thus 

V 

6n - 

a.a.s.. But as A(2m) = — A(m), this implies 

3n I—> H-h 

which contradicts Hypothesis 14.11 and Lemma [2.31 a.a.s.. □ 

Corollary 4.3. Let a, b be integers with a < b. Asymptotically almost surely, if X{m) = 
+ 1 for all n + a ^ m ^ n + b, then \{m) = +1 for all |(n + a) < m < |(n + b). 

Proof. By the union bound and Lemma 12.31 it suffices to verify this in the case a = 
0,6 = 1. Proposition I4.2l a) then handles the case when n is even, and Proposition 
I4.2f bl handles the case when n is odd, and the claim then follows from Lemma 12.31 □ 

Corollary 4.4. For any natural number k, we have A(n) = ... = A(n + /c — 1) = +1 
with positive asymptotic probability. 
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Proof. We first establish the case k = A, which of course implies the k = 1, 2, 3 cases as 
well. Suppose for contradiction that the k = A claim failed, thus 

V 

n t-j-*- + + + + 

a.a.s.. In particular, from Lemma [2.31 one a.a.s. has 

3n t-b- + + + + . 

By Proposition 14.21 in the contrapositive we then have 

2n h|-» +++ 

a.a.s.; but by Hypothesis 14.11 and Lemma [2.31 we have 

‘In H-h 

and thus (since A(2m) = —A(m)) 

V 

n — 

a.a.s.. But this contradicts Theorem 12.71 

Now assume inductively that the claim holds for some k ^ A. By partitioning accord¬ 
ing to the parity of n and using Lemma 12.31 we thus see that with positive asymptotic 
probability, either 

A(2n) = A(2n -f 1) = • • • = A(2n -t- /c — 1) = -Tl 
or 

A(2n - 1) = A(2n) = • • • = A(2n + k - 2) = +1. 

In the former case, we see from Corollary 14.31 (and the hypothesis k ^ A, which implies 
that k < 3^d^) that 

A(3n) = • • • = A(3n + k) = +1, 
and in the latter case we similarly have (since k — 1 ^ 3^^^) 

A(3?7. — 1) = A(3n) = ■ ■ ■ = A(3n + k — 1) = -t-1. 

In either case we obtain the k + 1 case of the claim from Lemma 12.31 
Next, for any hxed real number a > 0, let Aa c (a, -l-oo) be the set 

Aa := {t e (a, -l-oo) : \{n) = +1 ioi Alt — a < n < t + a] 
and consider the quantity 


□ 


Pa := LIM 


1 r 

log^ Jx, 




dt 


'xi/i “ / 

From Corollary 14.41 applied with, say, k = [a + lOj, and rounding to the nearest integer, 
we see that pa > 0 for any hxed a > 0. On the other hand, from Theorem 12.51 (and 
another rounding argument) we see that 

(4.1) 


lim Pa = 0. 

a^cc 


We now claim that 


P|a+10 ^ Pa+10 


(4.2) 

for any a ^ 0; iterating this starting from (say) a = 1, we see that limsup^^opPa ^ 
Pii > 0, contradicting fl4.ip . 
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We now show fl4.2p . Suppose that t e ^a+io; thus 

A(n) = +1 for alH — a — 10 < n < t + a + 10. 

Applying Corollary 14.31 land rounding to the nearest integer), we then conclude that 

3 3 3 3 

A(n) = +1 for all -f — -a — 10 < n < -f + -a + 10 

for t e Aa+io outside of an exceptional set Ea c (0, +oo) which has zero asymptotic 
density in the sense that 


We conclude that 


r IeMjY =0. 

r 

'g* JxJ 


7“+io \ 2 
3. 


and hence by the change of variables t' := 


LIM 


/ 1 

r3xi/2 

, s dt\ 

1 log A 

J3xil2i 

1a3 (t) — 

^a + lO f j 


^ Pa- 


i=l 


We may replace the limits of integration from Sx'/i incurring an error of O 

which vanishes in the limit, and fl4.2p follows. 


5. A RANDOM GRAPH THEORY QUESTION 

We now return to the proof of Theorem l2.2[ In this section we will reduce this theorem 
to the task of establishing that a certain random graph is almost surely connected; this 
connectedness will be verihed in the next section. 

Recall that the only remaining tasks are to show that (/x(n), //(n+ 1)) attains each of 
the four values (+1, +1), (+1, —1), (—1, +1), (—1, —1) with positive asymptotic proba¬ 
bility. From the asymptotic probabilities already computed in Section |2l one can check 
that the four events 

^{n) = -t-1, jJ^in -I- 1) = 1 
/i(n) = — l,yU^(n -I- 1) = 1 

/i^(n) = 1, ii{n -f 1) = +1 
/x^(n) = 1, //(n -f 1) = —1 

each occur with asymptotic probability c/2, where c was dehned in fl2.3p . In particular 
we see that (/i(n), pin+l)) takes the values (-1-1, -fl) and (—1, —1) with equal asymptotic 
probability, and also takes the values (-1-1, —1) and (—1, -fl) with equal asymptotic 
probability. Thus, we only need to show that the values (-f 1, -f 1) and (-f 1, —1) are 
attained with positive asymptotic probability. 

Suppose for sake of contradiction that there was a sign e e { —1,-fl} such that 
(/i(n),/i(n -f 1)) avoided (-fl,e) a.a.s.. Then it also avoids (—1, —e) a.a.s., and so we 
conclude that we have the implication 

p?{n) = -f 1) = 1 fi{n) = —efi{n + 1) 


a.a.s.. 
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We can eliminate the sign —e as follows. Define x to be the completely multiplicative 
function such that x{p) •= +1 for all p > 2, and x(2) := —e. Then ^(n) = —ex(n + 1) 
for any n for which n, n + 1 are not divisible by 4, and thus we have 

li^in) = + 1) = 1 ^ pxin) = /ix(n + 1) 

a.a.s.. As px is a multiplicative function, we can use Lemma 12.31 and conclude more 
generally that 

(yU^(n) = /i^(n + d) = 1 A d\n) + d) (5.1) 

a.a.s. for any hxed natural number n. 

The strategy is now to use fl5.ll) create large “chains” n + oi, n + 02 ,... on which 
PX is constant, and demonstrate that this is incompatible with Theorem 12.61 It will 
be convenient to pass from the hnitely additive world of asymptotic probability to the 
countably additive world of genuine probability. Recall that the profinite integers Z are 
dehned as the inverse limit of the cyclic groups Z/A^Z; we embed the ordinary integers 
Z as a subgroup of Z in the usual fashion. The group Z is compact (in the prohnite 
topology) and thus has a well-dehned Haar probability measure, so we can meaningfully 
talk about a random prohnite integer n e Z, whose reductions n (N) to any cyclic 
group Z/A^Z are uniformly distributed in that group. (We will use boldface notation to 
indicate random variables that are generated from a random prohnite integer.) We say 
that a prohnite integer n is divisible by a natural number N if the reduction of n to A^ 
vanishes. The Mobius function p does not obviously extend to the prohnite integers, 
but we can (by abuse of notation) dehne the quantity /i^(n) for prohnite n to equal 1 if 
n is squarefree in the sense that it is not divisible by p^ for any prime p, and equal to 0 
otherwise. 

We now construct a random graph G = (V, E) as follows. Let n e Z be a random 
prohnite integer, and dehne the random vertex set V c Z to be the random set of 
integers dehned by 

V ;= {a e Z : p'^{n + a) = 1}. 

We then dehne E to be the set of pairs {a, b} of distinct vertices a, b in V, such that 
|& — a| is an odd prime number dividing n + a (or equivalently n + 6), and dehne the 
random graph G by setting V as the set of vertices and E as the set of edges. (The 
restriction of |5 — a| to be an odd prime will be needed in order to keep the analysis of 
G tractable.) Thus, for instance, the integers 2, 5 will be connected by an edge in G if 
/x^(n + 2) = /x^(n + 5) = 1 and 3 divides n + 2. 

In the rest of the paper we will show 

Theorem 5.1. The random graph G is almost surely connected. 

Let us assume this theorem for now and hnish establishing the contradiction required 
to conclude Theorem 12.21 and hence Theorem 11.91 Let a, b be integers. By Theorem 
15.11 we see almost surely that if p‘^{n + a) = p‘^{n + b) = 1, then there exists a hnite 
path a = ci,C2 ,...,Cfc = 5 of distinct integers with k ^ 1 with the property that 
/i^(n + Cl) = • • ■ = /i^(n + Cfc) = 1 and such that |cj+i — Ci\ divides n + Cj for each 
i = 1,... ,k — l. (The \ci+i — Cj| are also odd primes, but we will discard this information 
as it will not be needed here.) There are only countably many choices for ci,..., c^, so 
from countable additivity we see that for any e > 0 and a, 5 e Z one can hud a natural 
number M (depending on e, a, b) with the property that with probability at least 1 — 
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if /i^(n + a) = /x^(n + b) = 1, then there exist distinct integers a = Ci, C2 ,..., = b 

with k ^ M and |ci|,..., \ck\ ^ M, snch that /u^(n + Ci) = • • ■ = /i^(n + c^) = 1 and 
|cj+i — Cj| divides n + c* for each f = 1,..., /c — 1. 

Note from the Chinese remainder theorem that for any hxed nnmber of congrnence 
conditions n = a* (g*), the asymptotic probability that n obeys these congrnence con¬ 
ditions is eqnal to the probability that the random prohnite integer n obeys the same 
congrnence conditions. Becanse of this, we can transfer the previons claimu from n to 
n. That is to say, for any e > 0 and a,b e Z, there exists M with the property that 
with asymptotic probability at least 1 — e, if + a) = {n + b) = 1, then there exist 
distinct integers a = Ci, C2 ,..., = b with k ^ M and |ci|,..., \ck\ < M, snch that 

y?{n -T Cl) = ■ ■ ■ = /i^(n -I- Cfc) = 1 and |cj+i — Cj| divides n -I- Cj for each i = 1,..., fc — 1. 
Bnt from fl5.ip . this conclnsion implies a.a.s. that /ix(n -f Cj+i) = /ix(n -f c,) for each 
i = — 1. Chaining these eqnalities together, we conclnde that with asymptotic 

probability at least 1 — e, we have 

-f a) = /x^(n -I- b) = 1 + a) = nxiP' + ^)- 

Sending e to zero, we conclnde that this claim holds a.a.s. for any hxed choice of a, b. 
Applying this for all a, 6 e {1,..., h}, we conclnde that for any hxed h, we have 

h h 

\Y^^^x{n + 3)\ = + 

i=i i=i 

a.a.s.. On the other hand, by nsing Theorem 12.61 (treating the contribntion of odd and 
even n + j separately) we see that 

h 

I + ^ 

j=i 

with asymptotic probability at least 1 — e, if e > 0 and h is snfhciently large depending 
on e. Thns we see that the qnantity Xij=i has an asymptotic expectation of at 

most 2eh. On the other hand, from linearity of expectation this asymptotic expectation 
is and one obtains a contradiction if e is small enongh and h is large enongh. 

It remains to establish Theorem 15.11 In next section we will make several rednctions, 
some of which are easy and some of which are more involved. In the following para¬ 
graph we give a sketch of all the rednctions, forgetting abont some additional technical 
conditions on the lengths of paths between elements, etc.. 

First, we will show that instead of showing that almost snrely any vertices a and b 
are connected, it is enongh to show that almost snrely 0 and X are connected for any 
large enongh odd X. Then, we will show that it is enongh to consider the graph with 
a slight extension of the vertex set, where instead of reqniring /i^(n + a) = 1, one only 
reqnires that n -1- a is not divisible by for any prime p < (logX)^. Next, we will show 
that instead of connecting 0 to all large enongh vertices X, it is enongh to connect it to 
at least even elements np to X/10, which means that it is enongh to show that, 

for all AT' — X, 0 is almost snrely connected to at least one element in [X' — X^Ao^ x']. 

^Strictly speaking, conditions such as + c,) = 1 involve an infinite number of congruence 
conditions, but from the absolute convergence of ^ one can approximate these conditions by a 
finite number of congruence conditions at the cost of an arbitrarily small prohnite probability or 
asymptotic probability; we leave the details to the reader. 
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Then, we will show that this follows if we can show that 0 is connected to at least 
log^°X odd elements in Thns we will dramatically reduce the number of 

distinct vertices we need to connect 0 to, and this last claim is shown through a very 
careful study of paths of length somewhat shorter than log log x in Section [71 

6. Initial reductions 

For the remainder of this paper, we use the usual asymptotic notation of writing 
X « Y, Y » X, or X = 0{Y) to denote the estimate |X| < CY for some absolute 
constant C, and write X ^Y for X « Y « X. 

We now turn to the formal proof of Theorem 15.11 We begin by deducing this theorem 
from the following claim. 

Proposition 6.1. Let X be a sufficiently large odd natural number, which we view as 
an asymptotic parameter going to infinity. Then, with probability 1 — o(l), if 0 and X 
both lie in V, then there is a path in G from 0 to X. 

Let us see how Proposition 16.11 implies Theorem 15.11 Observe that the random graph 
G is stationary, in the sense that any translate of G has the same distribution as G. 
Thus it suffices to show that for any natural number h, one almost surely has 0 and h 
connected in G whenever 0,h both lie in G. Stationarity also shows that Proposition 
16.II automatically extends to even X as well as odd X, since one can write a large even 
number as the sum of two large odd ones. 

Let in be a natural number (larger than h), and let IF := nps;«;P- Note that if 0 and 
h both lie in V, then n and n + h are not divisible by p^ for any p ^ w. Conditioning on 
the event that 0 and h both he in V, we see that n + is not divisible by p^ for any 
p ^ w, and an application of the union bound shows that n + is square-free with 
probability 1 — 0(l/w); that is to say s V with probability 1 — 0(l/w). Applying 
Proposition 16.11 (and stationarity) we conclude that conditionally on 0 and h both lying 
in V, we have a path in G from 0 to h through with probability 1 — 0{l/w) — o(l) 
as — > 00 . Sending in —> oo, we obtain Theorem 15.11 

It remains to prove Proposition 16.11 Let W be a sufficiently large odd natural number, 
viewed as an asymptotic parameter going to inhnity. It is convenient to work with a 
slight enlargement Gx of G with slightly more vertices. Set 

w := log^ X 

and dehne pfxfn) for a prohnite integer n to equal one when n is not divisible by p^ 
for any p ^ w, and zero otherwise, and set Xx := {a e Z : lJ,x{'n + a) = 1}; then Xx 
contains V, and a vertex a of lies in V unless p^|n + a for some p > w. 

Dehne Gx to be the random graph with vertex set Vx, and two distinct elements 
a, b of Vx connected by an edge if |a — b\ is an odd prime dividing n + a. Thus G is 
the restriction of Gx to V. We will hrst show that it suffices to prove 

Proposition 6.2. Let X be a sufficiently large odd natural number, which we view as 
an asymptotic parameter going to infinity. Then, with probability 1 — o(l), if 0 and X 
both lie inX X, then there is a path in Gx from 0 to X of length at most 10 log^ X and 
contained in [—lOV, lOA]. 

Let us see how Proposition 16.21 implies Proposition 16.11 The key point is that the 
restriction of Gx to [—10A, 10A] does not require knowledge of the entirety of the 
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profinite random integer n; only knowledge of the reductions n mod p for p < 20X and 
n mod ioT p ^ w is required. The remaining components of n can then be used to 
restrict Gx to G. 

Let us hrst show that, almost surely every number in [n — lOX, n+ lOX] has at most 
log^ X distinct prime factors in the interval [rc, 20X]. Notice that this property depends 
only on reductions modulo primes p < 20X. Write W = np^20AP = and 

then it is enough to show that the number of integers in [W, 2W) that have more than 
\og^ X distinct prime factors in [tc,20W] is o{W/X). Such numbers have 20X-smooth 
part at least and we get that the number of them is at most 


p\ra p>20X 

p\n p^20X 






1 


Tn^2W 

p\m p>20X 


^:^n^2W/m 
p\n p^20X 


m^W ^ 


« 


w 

x^ 


for an absolute constant c > 0, by the standard estimate (see e.g. 0 ) that the number of 
y-smooth numbers up to x is where u = log x/log p < (in our case, to get 

an upper bound, we can take, for every m, u = log(w^°^ ^)/log(20X) ~ log X log log X). 

Now suppose we condition the reductions (n mod p)p^ 2 ox and (n mod p'^)p<zw to be 
a value for which there is a path in Gx from 0 to X of length at most 10 log^ X 
contained in [—lOX, lOX], and for which every number in [n — lOX, n + lOX] has 
at most log^X prime factors in [t(;,20X]. After this conditioning, the residue classes 
n mod p^ for w < p ^ 20X are restricted to a single coset of Z/pZ in Z/p^Z, but are 
uniformly distributed in that coset, whereas the residue classes n mod p^ for p > 20X 
are uniformly distributed on all of Z/p^Z. Also, the n mod p^ are independent in p 
across all primes p. Let 0 = oi, 02 ,..., = X be a path in Gx from 0 to X of length 

A: ^ 10 log^ X contained in [—lOX, lOX], Then, for each j = 1,..., /c, the number of 
primes p e [re, 20X] such that p divides n + is at most log^ X. Hence the probability 
that all of the n + a* are not divisible by p^ for any p > w (which implies that this path 
lies in G and not just in Gx) is at least 



From the bounds on w^k we see that this expression is 1 — o(l). This then gives 
Proposition 16.11 from Proposition 16.21 

We will want to substantially reduce the number of vertices to which we need to 
connect 0. To do this, we will use the following lemma several times. 

Lemma 6.3. Let X he large and fix the residue classes n mod p forp < X and n mod p^ 
for p ^ w. Let A and B he respectively subsets of odd and even integers in [0, X] n Vx 
such that |A||i?| » Xlog^^X. Then, with conditional probability 1 — 0{\og~^ X), there 
is a path of length 3 in Vx contained in [—8X, 8X] connecting an element a e A with 
an element b e B. 


Proof. Let S denote the set of quadruples (a, fc,Pi,P2,P3) obeying the following con¬ 
straints: 
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• We have a e A,b e B, and Pi,P 2 ,P 3 are primes in (X, 3X], (5X, 7X], (3X, 5X] 
respectively obeying the equation 

b = a - Pi + P 2 - P3- 


• a — Pi and a — pi + p 2 lie in V^, that is to say n + a — pi, n + a — pi + p2 are 
not divisible by p^ for any p ^ w. 

Note that the set S is deterministic due to our conditioning. A routine application 
of the circle method (see Proposition 18.11 below) shows that each pair {a,b) s A x B 
contributes “ quintuples to S, and so 

\S\^\A\\B\xy\og^X. (6.1) 

Each quintuple (a, b,pi,p 2 ,P 3 ) will yield a path a, a — pi, a — pi + p 2 , a — pi + p 2 — P 3 = b 
of the desired form provided that one has the divisibility conditions 

Pi|n + a; p2|n + a-pi; psin + a - pi + p2- 


Let E(^a,b,pi,p 2 ,p 3 ) be the event that these three divisibility conditions occur; thus it suffices 
to show that 


P V-E" -1-O((logjf)-"). 


,seS 


We use the second moment method. By the Cauchy-Schwarz inequality, 


n\/E. 




seS 




Hence it suffices to show that 


Yj P(£^5 n « 

s,s'eS:PiEsnE^,)>P{Es)PiE ^,) 




2 P(E,)P(E,0. (6.2) 


s,s'eS 


On the one hand, from the Chinese remainder theorem we have 


P(E,) =- 

P 1 P 2 P 3 


1 


and so by fl6.ll) 

y PfB.jPfBy) * . (6.3) 

On the other hand, if s = (a, 6,pi,p2,P3) and s' = {a',b',p'^,p' 2 ,p'^) lie in S, then 
P(E's n Eg') is equal to either F{Es)F{Es/) or 0 unless at least one of the following three 
situations occur: 


(i) Pi = p'l and a = a'. 

(ii) p 2 = p '2 and a — pi = a' — p'l- 

(iii) p3 = pg and b = b'. 

(Here we are using the fact that pi,P2,P3 he in disjoint intervals, and pi is larger than 
the diameter of the interval in which a ranges, p2 is larger than the diameter of the 
interval in which a — pi ranges and ps is larger than the diameter of the interval in 
which b ranges.) Furthermore, in these exceptional cases, P(Es n Eg/) may be bounded 
by where j = 1, 2, 3 is the number of situations (i), (ii), (iii) that are occurring 

simultaneously. 
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Meanwhile, when j of the situations occur simultaneously, a simple degree of freedom 
counting gives 0{\A\\B\{X/ logX^) choices for s and then 0{{X/ logXY~^) choices for 
s' (one can choose the primes p'j not fixed by the first conditions in (i)-(iii) freely, and 
then everything else is fixed by the conditions and dehnition of S). Thus the left-hand 
side of fl6.2p is bounded by 


O 


f X \ 




5-i 



O 


( \A\\B\ \ 

\x{iogxy) 


and fl6.2p follows from fl6.3p since |^||-B| ^ X(logX)^°. 


□ 


Now we use the previous lemma to make a reduction, in which we content ourselves 
with connecting 0 to many vertices in an interval [0, X/10], rather than trying to reach 
a specific vertex X. Namely, we reduce Proposition 16.21 to 

Proposition 6.4. Let X be a sufficiently large odd natural number, which we view as 
an asymptotic parameter going to infinity. Then, with probability 1 — o(l), if 0 lies in 
Vx, then there are at least X'^A^ even elements of [0,X/10] which are connected to 0 
in Gx by a path of length at most 21og^X contained in [0,X/10]. 

We now explain why Proposition 16.41 implies Proposition 16.21 For any integer a, let 
Ea be the event that a lies in Vx, and there are at least elements of [a, a + ^/lO] 

of the same parity as a which are connected to a in Gx by a path of length at most 
2 log^ X contained in [a, a -I- X/10]. By stationarity and Proposition 16.41 we see that for 
all a, one has with probability 1 — o(l) that Ea holds whenever a e Vx. In particular, 
with probability 1 — o(l), one has Eq n Ex holding whenever 0,X e Vx. 

Now suppose that Eq n Ex holds. This event only depends on the residue classes 
n mod p for p < V/10 and n mod p^ for p ^ w, so we now condition these residue 
classes to be deterministic. We now have deterministic subsets A, B of [0,V/10] and 
[V, llV/10] respectively of cardinality at least X^A^ each, such that any element of 
A (resp. B) is connected to 0 (resp. X) by a path in Gx of length at most 21og^ V 
contained in [—lOV, lOV]. Furthermore, A consists entirely of even numbers, and B 
consists entirely of odd numbers. The claim now follows from Lemma 16.31 

Next, we reduce Proposition 16.41 to the following variant, in which we connect 0 to 
one element in a short interval, as opposed to many elements in a long interval: 

Proposition 6.5. Let X be a sufficiently large odd natural number, which we view 
as an asymptotic parameter going to infinity. Let X' be an element of the interval 
[V/40, V/20], chosen uniformly at random. Then, with probability 1 — o(l), if 0 lies in 
Vx, then there is an element of [X' — X^A^^ x'] that is connected to 0 in Gx by a path 
of length at most 2 log^ X contained in [0, V/10]. 

Indeed, assuming Proposition 16.51 observe that if 0 lies in Vx and X' is chosen 
uniformly at random from [V/40,V/20], then the expected number of elements in 
[V' —V'] that are connected to 0 in the indicated fashion is at least 1 —o(l). From 
linearity of expectation, this implies that the number of elements of [X/40—X/20] 
that are connected to 0 in the indicated fashion is » X^~^A^^ Proposition l6.4l follows. 

Finally, we reduce to a weaker version of Proposition 16.41 in which 0 connects to far 
fewer elements in (a somewhat narrower) interval: 



















SIGN PATTERNS OF THE LIOUVILLE AND MOBIUS FUNCTIONS 


23 


Proposition 6.6. Let X be a sufficiently large odd natural number, which we view as 
an asymptotic parameter going to infinity. Then, with probability 1 — o(l), if lies in 
Vx, then there are at least log^^X odd elements of [0, which are connected to 0 

in Gx by a path of length at most logX contained in 

Let us now see how Proposition 16.61 implies Proposition 16.51 Call an integer a good if 
a e Vx is even, and a is connected to at least log^° X odd elements of [a, a + in 

Gx by a path of length at most logX contained in [a, a + From Proposition 

16.61 and stationarity, we see that each even element a of Vx is good with probability 
1 — o(l). From linearity of expectation, we thus see with probability 1 — o(l) that all 
but o{X) of the even elements of Vx n [—V, V] are good. 

Note that the property of an integer being good is only dependent on the values of 
n mod p^ for p ^ w and n mod p for w < p ^ We now condition on these values 

to be hxed, in such a fashion that all but o{X) of the even elements of Vx n [—V, V] 
are good; now the property of being good is deterministic, as is the vertex set Vx. We 
now use the following weak version of the Hardy-Littlewood inequality. 

Proposition 6.7. Let be a seguence of non-negative real numbers supported in 
[-V,V]. Then, 



for some absolute constant C > 0. 

Proof. The sequence (sup^^;^ ^ Sin-missr (discrete) Hardy-Littlewood max- 

imal operator applied to this sequence {an)nez- As the Hardy-Littlewood maximal op¬ 
erator is bounded in (see e.g. [U])) we have 



for some C* > 0, and the claim then follows from the Cauchy-Schwarz inequality. □ 

Choosing am so that = 1 if ^ Vx c [“-A, X] is not good, and = 0 otherwise, 
the proposition implies that if X' is chosen uniformly at random from [V/40,X/20], 
then with probability 1 — o(l), the quantity X' is “excellent” in the sense that for any 
1 < r ^ V, all but at most o(r) of the even elements of Vx n [X' — r,X' + r] are good. 
Note that because of our conditioning, the property of being excellent is deterministic. 

Now let X's [X/40, V/20] be an excellent number. We will show that with probabil¬ 
ity 1 — o(l), if 0 e Gx, then there is an element of [X' — X'] that is connected to 

0 in Gx by a path of length at most 2 log^ X contained in [0, X/10]; this clearly suffices 
to give Proposition 16.51 

We introduce the scales Rj := 100^“-^V' for j = 1,..., J, where J is the first number 
for which Rj < thus J < logV. Introduce the intervals f := \X' — Rj,X' — 

0.99i?j], thus the Ij are disjoint, with R containing 0 and Ij contained in [V'— x'f 
We will “hop” from 0 to Ij by a path passing through each of the R in turn. More 
precisely, let Aj denote the even elements of Vx n R that are good; with all of our 
conditioning, this is a deterministic set. A routine sieve shows that there are » Rj even 
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elements of Vx n Jj, and as X' is excellent, all but at most o{Rj) of these elements are 
good. We conclude that 

\Aj\ » Rj. 

We shall shortly establish the following lemma allowing one to hop from Aj to Aj+i\ 

Lemma 6.8. Let 1 ^ j < J , and let aj e Aj, which is allowed to be a random variable 
depending on the values of n mod p for p ^ Rj/lt) but not on the reductions for higher 
p. Then, with probability 1 — there is a path of length at most logW + 3 in 

Gx in [0,X/10] connecting Oj to an element aj+i of Aj+i. Furthermore, a^+i depends 
only on the values of n mod p for p < Rj+i/lQ. 

Iterating this lemma with the union bound, starting from Oi = 0, we conclude with 
probability 1 — = 1 — o(l) that there is a path of length at most J(log W + 3) < 

2 log^ X in Gx in [0, X/10] connecting 0 to an element of Aj c \X' — X"^A^, X'], giving 
Proposition 16.51 Thus it suffices to prove Lemma 16.81 

We do this by an argument similar to that used to obtain Proposition 16.41 from 
Proposition 16.21 Condition on the values of n mod p for p < Rj/lt], so that Oj is now 
deterministic. By dehnition of Aj, aj is connected to a (deterministic) set A by paths 
of length at most logX in Gx in [0, W/10], where A c [aj,aj + X^A^^^ jg ^ collection 
of odd numbers of cardinality 

|Al| ^ log^°X. 

Since |A||y4j+i| » i?jlog^°W, Lemma 16731 implies that there is a path of length 3 
connecting some a e A to some b e Aj^i, and the claim follows. 

It remains to prove Proposition 16.61 This will be done in the next section. 


7. Conclusion of the argument 


We now prove Proposition 16.61 Condition the residue classes n mod p^ for p < rc to 
be hxed, which makes the vertex set Vx deterministic, while keeping the n mod p for 
p > w uniformly and independently distributed on Z/pZ. 

Set k to be the odd number 


k := 100 


log log X 
Vlog log log X 


+ 1 ; 


(7.1) 


the reason for this somewhat strange choice is that (log log will be signihcantly 
larger than log^^W, while k remains signihcantly smaller than log log X. Let P be the 
set of paths 7 in Vx of the form 


0,pi,pi+p2,...,pi + ■■■ + Pk (7.2) 

where pi,... ,pk are distinct primes in the interval I := [exp('v/log V), Wg write 

7(/c) := Pi + • • • + Pfc for the endpoint of such a path, which is automatically odd since 
k and the pi,... ,pk are odd, and by abuse of notation write 7 c Gx if the path 7 lies 
in Gx, or equivalently that 

Pj|n + pi H-hpi-i 


for aW i = 1,... ,k. 
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It will be technically convenient to weight the paths 7 in F. For each path 7 of the 
form fl7.2p . dehne the weight > 0 by the formula 

k ^ 

^7 •“ Y\ y I’ 

i=l -hpi-i+peVx p 

Lemma 7.1. For every 7 e F, one has 

V --loglogX 

p 

peI:pi-\ -hpi-i+peVx 

for all i = 1,... ,k, so that 

= exp(0(fc))/(loglogX)^ (7.3) 

Proof. Since p y the upper bound 

H i<I]i-iloglogJf + 0(l) 

peI:pi+P2 + ...+Pi~i+peVx ^ pel ^ 


is clear. For the lower bound note that since the reduction n (mod p^) is hxed for p y w, 
there is a positive integer A y condition pi + .. .+pi_i+p e 

is equivalent to the condition \ p + A for all q y w. Pick a large constant C, let V = 
ripsscP^- Note that by the Chinese Remainder Theorem there are i = nps;c(‘F(P^) “ 1) 
residues classes oi,... ,ai (mod V) such that if p belongs to one of them then q^ \p + A 
for all q y C. Therefore, 

e 

lpi+P2 + ...+Pi-i+psVx ^ lp=ai (mod V) ~ lp=— T (mod q'^) 

i=l C<q^w 


Summing this with a weight of 1/p and using the prime number theorem in arithmetic 
progressions we conclude that 


T 

ps/:pi +... +pi_ 1 +psV X 




Pjp^) - 1 

(p(p 2 ) 



1 

p 


for some absolute constant R > 0. Therefore if C is choosen large enough then we 
obtain the desired lower bound. □ 


Let us hrst show that Proposition |62] follows once we have shown the three estimates 

2]n;.,P(7cGx) = 1 + 0(1), (7.4) 

7 sr 

^ M;^M;yP( 7 , 7 ' c Gx) ^ 1 + o(l), (7.5) 

7 , 7 'Gr 

and 

2 M;^u;yP( 7 , 7 c Gx) « log"^°° X. 

7 , 7 ^Gr: 7 (/i:) ^ 7 ^ (/c) 

Indeed, from 07.41) . 07.51) . and Chebyshev’s inequality we have 

2 = 1 + 0 ( 1 ) 

7 sr 


(7.6) 
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with probability 1 — o(l), while fl7.6p and Markov’s inequality gives 

7,7^Gr :7(fc)^7^(/c) 


with probability 1 — o(l). From Cauchy-Schwarz we have 



< |{7(/c): 7 e r,7 c Gx}| • 

7,7^Gr 

7(fc)=7'(fe) 

Hence once we have shown the bounds fl7.4p . fl7.5p . fl7.6p . we get 

|j7W:T6r,7<=G_y)|»(logXr 


with probability 1 — o(l) and Proposition 16.61 follows. 

We begin with 07.41) . From the Chinese remainder theorem we have 

P (7 c Gx) =- - - 

Pi■■■Pk 


for a path 7 of the form 07.2p . since the pi,... ,pk were assumed to be distinct; thus the 
left-hand side of 07.4p becomes 




( 7 , 7 ) 


We can interpret this expression probabilistically as follows. Consider a random path 
0,Pi,Pi + P 2 , ■ ■ ■ ,Pi + • • • + Pk, constructed iteratively by requiring that whenever 1 ^ 
i ^ k and Pi, ■ ■ ■ ,Pi-i have already been chosen, then pj e J is chosen with probability 


1 /Pi 


2 


pel :pi H-hpi-i +psV X 


1/p 


if Pi + ■ ■ • +pi e Vx, and chosen with probability zero otherwise. Then the quantity 07.71) 
is nothing more than the probability that this random path actually lies in F. This gives 
the upper bound for 07.4p automatically. For the lower bound, observe that the only way 
the path 0, pi,..., pi -f ■ ■ ■ -t-p^ could fail to lie in F is if there is a collision p* = pj for some 
1 < z < i < /c. But if 1 ^ z < 7 then after hxing z, j and pi,..., Pj-i we see from Lemma 
17.11 that the probability of the event p, = pj occurring is « ^ log/ogx exp(—-v/log W), 
for a total failure probability of « /c^exp(—-y/log X) = o(l). This proves 07.4p . 

Now we prove 07.51) . By 07.4p . it suffices to show that 


2 zw.YZ/;yP(7,7'c Gx) < 0 ( 1 ). 

7,7'Er:P(7,7'cGx)>P(7^Gx)P(7'^Gx) 


Let 7 = 0,pi,... ,pi -I- ■ ■ ■ -I- pfc and 'y' = 0,p[,p[ + ■■■+ p'j^ be two paths in F. The 
quantity P( 7 , 7 ' c Gx) is usually equal to either P (7 c Gx)P( 7 ^ c Gx) or zero. The 
only exceptions occur if we have at least one collision of the form pi = p' for some 
1 ^ i,j ^ k. Furthermore, if such a collision occurs, the quantity pi -I- • • • -I- pj_i — p\ — 
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■ ■ ■ — p'j_i must be divisible by Pi. If there are exactly r collisions p^ 
pairs (iiyji ),..., (iryjr) ^ { 1 , • • •, k^, then we have 


7 


G 




< 


Pil ■■■Pir 


Pi ■ ■ -PkPl 


■P'k 


p'j^ for some 


It thus suffices to show that 

^ ^ ^ ”^7^7' 0 ^Pi;|pi + ---+Pi;- 1 -P'l-p';„l 

>'=l(u,ji),...,(v.>) 7 , 7 'er 1=1 (7.8) 

, =o(l), 

Pi...Pkpl ...Pk 

where the second sum is over distinct pairs (fi, ji),..., {ir,jr) in {1, • • •, k}"^, with the 
ii,... ,ir and the ji,... ,jr distinct, with the ordering < • • • < z,, (to avoid duplicates). 
Consider hrst the contribution of the case where p = I for / = 1,..., r. In this case 

we will omit the condition _ p)-i’ ^hi^h in principle gives a large 

reduction to the size of the expression in 07.81) . but is difficult to analyse. We also drop 
the condition that 7 , 7 ' e F (thus allowing duplicates among pi and among p'). We can 
thus bound the left-hand side of this contribution to 07.8p by 


^ ^ iE (p/ Ip, =p',^) 


'■=1 ^ = 1 


(7.9) 


the paths 7 = (0,pi,... ,pi + ■ ■ ■ +Pk) and 7 ' = {0,p[,... ,p[ + ■ ■ ■ +p'k) are selected ran¬ 
domly as in the proof of 07.41) . Observe that if one conditions p),... ,p'k and pi,... ,P/-i 
to be hxed, then p;lp,=p/ has conditional expectation 


« 


Jpe/:piH-hPi-i+peVx p 


log log X 


by Lemma 17.11 
bound 07.9P by 


Thus by multiplying together the conditional expectations, we can 


^=1 (ljl)v,(njr) 


log log X 


Because we have constrained p = I for I = 1,... ,r, there are only choices for the 
{ii,ji ),..., {ir,jr), so we can bound the total contribution to fl7.9p or fl7.8p by 


So 


k 


log log X 


r 


which is (barely) of the form o(l) thanks to fl7.ip . 

Now we consider the contribution of the case where p I for at least one 1 ^ ^ r; 

in particular, there exists 1 < /q ^ r such that % > ii^-i -I- 1 (with the convention that 
zo = 0). We temporarily £x r, (zi, ji),..., {ir,jr) and /q and consider the corresponding 
component of 


W^Wy 

7,7^er 


n 

1=1 


ipi(=pi 


^Pi; |Pl + ■ ■ ■ +Pi; -1 -P'l- P'j, 


Ph--- Pir 


'Pi • • -PkPl 


■p'k 


( 7 . 10 ) 
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to fl7.8p . Here we will keep only one of the conditions ^_p'^ 

estimate the by fl7.3p . arriving at an upper bound of 

exp(C>(fc)) 

(log log X) 






Y\l=l{Pii^Pil =Pj 
Pi . . .pkp'i . . .Pk 


I_1 

/ ^PiiM+-+Pii,~i-p'r 


~Pj, -i' 

JIq 


and also 


( 7 , 11 ) 


We sum hrst over keeping all the other variables in pi,... ,pk,p[,... ,p'j^ hxed. 

Then Pii^-i is constrained to a single residue class a mod p^^. We can crudely bound 




T 

i=a mod 


< 


IG/ 


P 




« 


logX 


P^o 


nel 

7 =a mod 


n exp('v/logX) 


PHo 


« exp(-(l + o(l))VlogX) 


since n, pi^^ ^ exp('v/log X) (we could have done slightly better using the Brun-Titchmarsh 
inequality, but this is not necessary here). 

The factor 07.111) is exp(o(VlogX")) and so can be absorbed into the 

o(l) error in the preceding estimate, arriving at an upper bound of 


« exp(-(l + o(l))VlogX) 2 


Yil^liVk Ipi; =p(j) 
Pl...Pi,^-2Pii^---PkP'l---P'k 


Each of the variables pj or pt that is not of the form p^ or pj^ for some I can be summed 
using 

V-«loglogX, (7.12) 

ttiP 

and then noting that O(loglogX)^^ « exp(o(VlogX")), we arrive (after using the con¬ 
straints Pi^ = p'j^ to collapse the sum) at 


« exp(-(l + o(l))VlogX) 2 


and a further application of 07.12p then gives a total contribution of exp(—(l+o(l))'v/logX) 
for 07.lip . Finally, the total number of choices for r and (H,ii),..., (v,ir) may be 
crudely bounded by A: x so we have a net bound of 

kxe'^ X exp(-(l + o(l))VlogX) = o(l). 


This concludes the proof of 07.51) . 

Finally, we prove 07.61) . We consider hrst the contribution of the case where there are 
no collisions, so that {pi,... ,pk} is disjoint from {pj,... ,p{.}. In this case, we have 


P(7,7' c Gx) 


1 

Pi.. .pfcp'i.. .pj 


and so this contribution to 07.61) is bounded by 


F 

7,7^Gr :'y{k) ^'y'(k) 


w^w^f 

Pi.. .Pkp'l .. .pj' 


One can bound this by the probability that "){k) = 'j'ik), where 7 , 7 ' are selected as in 
the proof of 07.41) . But if we hx the variables pj,... ,pj,pi,... ,Pfc_i, then the constraint 
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7 (/c) = 7 '(fc) is only satisfiable for a single value of pk in /, and so the probability 
here can be bounded using Lemma 17.11 by 

1 1 
log log X exp (Vlog^) 

which is acceptable. 

Now we consider the contribution of the case where there is at least one collision. By 
the computations used to prove 07.51) . this contribution is bounded by 

^ ^ ^ Ipi;bl + ---+Pi;-1-Pi-P'j_l 

^=1 (n Jl),...,(Gjr) 7,7'sr:7(A:)=7'(fc) 1=1 

Pil ■■■Pir 
Pi . . .PkP'l . . .P'k 

If one does not have ii = I for all / = 1,..., r, then we can discard the = ^'{k) 
constraint and use the computations used to prove 07.5p to obtain a bound of exp(—(1 + 
o(l))VTog^), which is acceptable. Thus we may assume that b = ^ for all / = 1,..., r. 

Now suppose that r < k, so that pk is not one of the . If we £x p'^,..., p'^, pi,..., pk-i, 
then as before the constraint '^{k) = 'y'{k) is satishable for only a single value of pk- 
Repeating the argument used to control 07.111) . we see that the contribution of this case 
is also exp(—(1 + o(l))Vlog^), which is acceptable. Thus we may assume that r = k. 
The constraint ^{k) = y{k) is now automatic, and we simplify this contribution to 

( 7 . 13 ) 


(l,jl),...,(fejfc) 7,7'sr 1=1 


fc 1 1 

^pi=p'ji ^pi\pi+---+Pi-i-Pi - 


Pi 


where the outer sum is over permutations {ji,... ,jk) of (1 ,..., k). 

Suppose that ji ¥= I for some 1 ^ < /c. Let Iq be the least such /, so that ji = I for 

I < Iq and j/g > /q. Then the constraint 


Pio\Pi + • • • + Pio-i -Pi - P'n^-i 


simplihes (using pi = p(.^) to 

PioK + ■ ■ ■ + Pn,-i 

which is a non-trivial constraint since ji^ > Iq. In particular, if we hxpi,... ,p/g_i,p)g+i,.. 
and hence all of the p'- except p'-^^, we see that pi^ is constrained to be a prime fac¬ 
tor of a number of size at most since pi^ lies in I, we see that there are at 

most 0{-\/\ogX) choices for p/g, and the total sum of ^ across these choices is thus 

0(v'Tog^exp(—-i/Iog^)). Using this and Lemma im and discarding all the other con¬ 
straints _bound the contribution of fl7.13p of a single such 

(1, ji),..., (A;, jfc) (which determines Iq) as 


exp(-(l + o(l))yiogX) 


L 

Pl,--;PlO~l,PlO + l,--;Pkel 


1 


Pi ■ • .PZg-lPig + l . . .Pfc 


which by fl7.12p is bounded by O(loglogX)^ exp(—(1 + o(l))Vlog^) < exp(—(1 -h 
o(l))VTog^) which is acceptable. 
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The only remaining case occurs when ji = I for all 1 ^ I ^ k, at which point 7 ' is 
equal to 7 , the constraints pi\pi + ■ ■ ■ +P 1-1 — Pi — ■ ■ ■ can be discarded, and the 

contribution to fl7.13p collapses to 







This can be bounded by the expectation of w^, where 7 is chosen as in the proof of 
fl7.4p . But from Lemma mi this expectation is at most exp(0(/c))/(loglogX)^, which 
from the choice 07.1 p of k is (barely) 0(log“^°°X), which is acceptable. This proves 
07.6p . and tracing back all the preceding reductions we hnally arrive at Theorem 11.91 


8 . A Vinogradov type result 


In this section we prove the following result of Vinogradov type which was needed in 
the proof of Lemma 16.31 

Proposition 8.1. Let X he large, let Ii, 12,^3 denote the intervals 

h := (A,3V]; h := (5V,7V]; I 3 := (3V, 5V] 

and let m € [—V, V] he odd. Let A he an integer. Then there are — A^/(log V)^ triples 
{pi,P 2 ,P 3 ) of primes with pi e Ii,p 2 e I 2 ,p 3 e A such that 

m = -P 1 +P 2 - P3 

and such that A — pi, A — pi + p 2 are not divisible hy p^ for any p ^ w. 

The proof of Proposition 18.11 relies crucially on the following slight modihcation of 
Vinogradov’s result on representing odd integers as sums of three primes. 


Lemma 8.2. We have, for m odd and fixed sguare-free k, and any oi, 02 , 




1 


m=-pi+P2-P3 


p\=a\ (mod k’^) 
P2=(i2 (mod k"^) 


g{m)G(m) ^ f{{k,m))g{k) f \ 

(l0gV)3 • -L(L-ai+a2-m)=(A:,ai) = Aa2) = l • +''((logV)3y 


whereQim) = #{(ni, 77 . 2 , ua) e / 1 X/ 2 X /3 : m = —ni+n 2 — 773 } and f,g are multiplicative 
functions such that 


9(P“) - 9(P) - (1 + 7371) ^ 


Finally 


6(m) n(l - 7371) X 11(1 


+ 


(P - 1)' 


r) 


p\M ' p||M 

is the usual singular series appearing in Vinogradov’s three-primes theorem. 


Proof. This follows from a very minor modihcation of a generalization of Vinogradov’s 
result due to Ayoub pQ (we only need to handle the additional condition pj e /j, Vj < 
3). □ 
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One can easily compnte that Q{m) “ and &{m), g{k) ~ 1. Thus we 

have a cruder version 




1 


m=—P1+P2—P3 


pi=ai (mod k^) 
P2=o-2 (mod k?) 


^2 / 1 
log^ X \ k(^{kY 



( 8 . 1 ) 


of the above lemma, when Oi, 02 , —Oi + 02 — m are all coprime to k. This is the only 
consequence of the above lemma that we will need. 

We are now ready to prove Proposition 18.11 


Proof of Proposition \8.1[ Note that the only properties of the integer A which are rele¬ 
vant are its reductions modulo for p ^ w. Thus, by the Chinese remainder theorem, 
we may assume that 0 < A < may rewrite the desired claim as 

Ya ~ -P 1 +P 2 )- ( 8 . 2 ) 

m=—P 1 +P 2 —P3 ° 

Pi^k 

where /i^(n) is the indicator function of integers not divisible by a ^ and Pi,P 2 ,P 3 
are understood to be prime. 

Notice that for any hxed C, we have 

+P2) ^ 1 pV-pi ~ Y S 

p^fA—P1+P2 C^p^w C^p^w 

'ip^C p2|^_p^ p2|^_p^_l_p^ 

We view the last two terms on the right-hand side as contributing error terms to be 
upper bounded using sieves. The hrst error term contributes to the left hand side 
of dO]) 

T T 1 

C^p^w m=—P 1 +P 2 —P3 
Pjelj^j^S 
P^|A-pi 

^ s s |{n e J2 n {m + pi + I 3 ) : n,n — m — pi prime}|. 

C^p^Wp^=A (mod p^) 

Pieh 


The requirement that n,n — m — pi are prime removes two residue classes mod p for 
p ^ X not dividing m -I- pi, and one residue class mod p for p ^ X dividing m -t- pi. A 
standard upper bound sieve (see e.g. P Theorem 3.12]) then gives 


|{n e /2 n (m -I- Pi -I- Is) : n,n — m — pi prime} | « 


A 


log" A 


n (lA 


« 


A 


p^X:p\mA-pi 


p 


^ d|m+pi ^ 


« 


A 

log" A 


d«pX:d\m+pi 


1 

d 
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since m + pi X and we may pair d with ■ Thus we may upper bound fl8.4p by 


« 


X 


CsSpsSJii ci«vX Pi=A (mod p^) 
pieli-.d\m+pi 


1 . 


Applying the Brun-Titchmarsh inequality, we may bound this by 


« 


X 2 

log^X 




where [p^,d] denotes the least common multiple of and d. By Euler products the 
innermost sum is 0(l/p^), and so this expression is O 

Similarly, the second error term in fl8.3p contributes to the left hand side of fl8.2p 


E E 1 

C^p^w m=—P1+P2—P3 
Pieq,Vi!£3 
p 2 |A-pi+p 2 

C^p^w psels 

p^\A+m+p3 


m — ps) : n,m + n + p 3 prime}|. 


(8.5) 


As before, standard upper bound sieves give 


\{n e Ji n (Is 


m — Pa) : n,m + n + p^ prime}| « 


X 

b?X 


E 

d« vX: (i| m+p3 


1 

d 


and an application of Brun-Titchmarsh as before shows that the second error term is 

It remains to understand the contribution of the main term. Observe that for each 
prime p, there are at least (p — 1) (p — 2) > p^ — 3p pairs of residue classes ai , 02 (mod p) 
such that oi, a 2 , —oi -t- a 2 — m are all coprime to p. Thus, there are at least p'^ — 3p^ 
pairs of residue classes oi, 02 (mod p^) such that ai, 02 , —oi -f 02 — m are coprime to p. 
Of these pairs, there are at most 2p^ pairs such that one of A — oi or A — oi -I- 02 is 
divisible by p^. By the Chinese remainder theorem, setting V := OpsccT; conclude 
that there are at least nps:c(^'^ ~ residue classes oi, 02 (mod V^) such that 

01 , 02,-01 -I- 02 — m are coprime to all primes p < C, and A — oi, A — oi -I- 02 are 
not divisible by p^ for any p ^ C. For any such fixed tuple ( 01 , 02 ) we apply fl 8 .ip to 
conclude (for X sufficiently large depending on C) that 


1 

1 » 

m=-pi+p2-p3 

pi=ai (mod 
P2=o,2 (mod V^) 




X 2 

log^X' 
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Summing, we may thus lower bound the contribution of the main term (for C large) by 
Up^ciP^ - 3/ - 2p2) -J-. // _ 3p3 _ 2^2 X ^2 

VipiVr \og^ X V P{P - 1)' J log' ^ 

/(^_l)3_5p+lX ^2 

,Uv (p-1)' yiog'x log'x 

with the implied constant uniform in C. For C large enough (and X sufficiently large 
depending on (7), this lower bound dominates the two error terms, and we obtain the 
claim. □ 
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